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Abstract. We consider the quadratically semilinear wave equation on (R ,£)), d > 3. The 
metric g is non-trapping and approaches the Euchdean metric like {x)~''. Using Mourre 
estimates and the Kato theory of smoothness, we obtain, for p > 0, a Keel-Smith-Sogge type 
inequality for the linear equation. Thanks to this estimate, we prove long time existence for 
the nonlinear problem with small initial data for p > 1. Long time existence means that, for 
all n > 0, the life time of the solution is a least 5"", where S is the size of the initial data in 
some appropriate Sobolev space. Moreover, for d > 4 and p > 1, we obtain global existence 
for small data. 
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1. Introduction 

This paper is devoted to the study of the quadratically semilinear wave equation on asymp- 
totically Euclidean non-trapping Riemannian manifolds. We show global existence in dimen- 
sion d> 4 and long time existence in dimension d = 3 for small data solutions. In Minkowski 
space, the semilinear wave equation has been thoroughly studied. Global existence is known 
in dimension d > 4 for small initial data (see Klainerman and Ponce [23] and references 
therein). Almost global existence in dimension d = 3 for small data was shown by John and 
Klainerman in pEj- Almost global means that the life time of a solution is at least e^^^, 
where 5 is the size of the initial data in some appropriate Sobolev space. Note that, in di- 
mension d = 3, Sideris [31] has proved that global existence does not hold in general (see also 
John [IT]). 
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In [20], Keel, Smith and Sogge give a new proof of the almost global existence result in 
dimension 3 using estimates of the form 

(1.1) (ln(2 + r))-i/2||(x)-i/V||^,(p^^j^^3) < l|n'(0,OllL2(M3) + ^^||G(s,OII^^ 

and a certain Sobolev type estimate due to Klainerman (see [22]). Here u solves the wave 
equation Ou = G in [0,+cxd[x]R^ and u' = {dtu^dxu). They also treat the non-trapping 
obstacle case. In |21j . similar results are obtained for the corresponding quasilinear equation. 
The obstacle case in which the trapped trajectories are of hyperbolic type is treated by 
Metcalfe and Sogge [21] . 

Alinhac shows an estimate similar to (II. ip on a curved background. In his papers [T] and 
[2], the metric is depending on and decaying in time. The results of Metcalfe and Tataru 
[26] imply estimates analogous to (jl.ip for a space-time variable coefficients wave equation 
outside a star shaped obstacle (see also [25]). Outside the obstacle, their wave operator is a 
small perturbation of the wave operator in Minkowski space. 

The common point of the papers cited so far is that they all use vector field methods. We 
use in this paper a somewhat different approach. We will show how estimates of type (11. ip 
follow from a Mourre estimate [27]. This method will permit us to consider non-trapping 
Riemannian metrics which are asymptotically Euclidean without requiring that they are ev- 
erywhere a small perturbation of the Euclidean metric. We will suppose for simplicity that 
the metric is C°°, but a approach should in principle be possible. Spectral methods for 
proving dispersive estimates were previously used by Burq. In [5], he obtains global Strichartz 
estimates for compactly supported non-trapping perturbations of the Euclidean case. In more 
complicated geometries, conjugate operators are probably not vector fields and it is perhaps 
worth trying to mix the classical vector field approach with the Mourre theory. 

Let us now state our precise results. We consider the asymptotically Euclidean manifold 
(M'^, g) with d > 3 and 

d 

= ^ 9i,j{x) dx' dx^ . 

We suppose gij{x) G C°°{W^) and, for some p > 0, 

(HI) Va G N'^ d^ig,,j - 5,,,) = 0((x)-l"l-^). 

We also assume that 

(H2) g is non-trapping. 

Let g{x) = (det(g))^/^. The Laplace-Beltrami operator associated to q is given by 
where g^'^ {x) denotes the inverse metric. Let us consider the following unitary transform 



V : \ L^{m.'^,g^ dx) L^{W^,dx) 
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The transformation V sends —An to 



... 9 9 



which is the operator we are interested in. Let dj := djg ^ and Q = Q^'^ := Xkdg — x^dk be 
the rotational vector fields. We consider the following semilinear wave equation 



Here Dg = + P and Q(n') is a quadratic form in u' = {dtu,dxu). For x G M, [xj (resp. 
[x]) denotes the largest (resp. smallest) integer such that [xj < x < [x]. Our main result is 
the following theorem. 

Theorem 1.1. Assume hypotheses (IHlh and (IH2p . Suppose uo,ui G Cq°{M.'^) and that, for 
M = 2{\^] + 1), we have 

(1.3) Yl H^"M\+ E \\di^''^i\\<S. 

\a\+j<M+l \a\+j<M 

i) Assume d > 3 and p > 1. For all n > 0, there exists a constant (5„ > such that, for 
6 < 6n, the problem (II. 2p has a unique solution u G C°°([0,T] x M^) with 

T = (5"". 

a) Assume d > A and p > 1. For 5 small enough, the problem (jl.2p has a unique global 
solution u £ C°°([0,+oo[xM'^). 

Remark 1.2. One may consider more general nonlinearities. For example, the previous result 
holds for quadratic nonlinearities of the form Q{x){{x)~^u,u') with // > 1 and ||(9"Q(x)|| = 
©((x)"!"!). In particular , one can replace Q{u') byQ{dtu, dxu) or work with the wave equation 
before the transformation by V. To prove this remark, it is enough to combine the proof of 
Theorem \1.1\ with Lemma 14.21 



The main ingredient of the proof are estimates of type (jl.ip . Let us therefore consider the 
corresponding linear equation. Let u be solution of 

Ud^ + P)u = G{s), 



(L4) 

With the notation 



f u<l/2, 
Ff(T) = { - / ' 

^ 1 1 M>l/2, 



we have the following estimate. 



Theorem 1.3. Assume that pLL|) and pl2]) hold with p > and iet < < 1. For aU e > 0, 
the solution of (|1.4p satisfies 

(1.5) < (F^^(r))i/2(^||n'(0,OllL2(K.) + ^^||G(s,-^ 
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To prove the nonhnear theorem, it will be useful to have higher order estimates. To this 
purpose, let us put (7'^'^ = Xkdt — xedk, Z = {dt, dx,^}, Y = {dx,^}, X = {dx}, where 
{0} (resp. {dx}) are the collections of rotational vector fields (resp. partial derivatives with 
respect to space variables). Then, we have 

Theorem 1.4. Assume that (jHl]) and (jH2]) hold with p>l and let N > and 1/2 < ^ < 1. 
For all e > 0, the solution of (II. 4p satisfies 

sup J2 ll^t^''/'^(*'-)|L.(M.)+ E (^.'(^))"1(^)""^"-1L^([0,T]XR^) 

l<A;+j<Ar+l \a\<N 

(1.6) < E (ll(^"^)'(0'-)|L2(M.)+ r \\Z''G{s,-)\\^,^^,^ds). 

\a\<N ^ JO / 

Moreover, for p = 1, the same inequality holds with {F^{T))^^ replaced by {T)~^. 

Remark 1.5. i) Note that, in Theorem \1.1\ and Theorem \1.4\. p > 1 is required whereas 
Theorem \1.3\ is valid under a general long range condition p > 0. 

ii) Theorem I i . 31 and Theorem \1.4\ remain valid if we replace u' by {dtu, P^^'^u). 

The paper is organized in the following way. In Section [2l we show scattering estimates 
in a general setting. Section [3] is devoted to the Mourre estimate for the wave equation on 
our asymptotically Euclidean manifold. Using these results, we prove the estimates for the 
linear wave equation (Theorem 11.31 and Theorem II. 4p in Section HI From these estimates, we 
deduce the nonlinear result in Section [3 Appendix [A] collects some regularity properties of 
operators and Appendix [B] contains low frequency resolvent estimates. 



2. The general setting 



In this section, we obtain some abstract estimates which will be used to prove Theorem 11.31 
and Theorem 11.41 These estimates are not specific to the wave equation and could help to 
show analogous estimates for other equations. The key ingredients are the limiting absorption 
principle and the Kato theory of smoothness. 

We begin this section with the notion of regularity with respect to an operator. A full 
presentation of this theory can be found in the book of Amrein, A. Boutet de Monvel and 
Georgescu [3J. In Appendix [Aj we recall the properties which will be used in this paper. 

Definition 2.1. Let {A, D{A)) and {H, D(H)) be self-adjoint operators on a separable Hilbert 
space H. The operator H is of class C'^(A) for k > 0, if there is z e C \ a{H) such that 

RBt — ye'^'^iH-zy^e-'*^, 

is C'^ for the strong topology of C{7i). 

Let H £ C^{A) and / C (7{H) be an open interval. We assume that A and H satisfy a 
Mourre estimate on I: 

(2.1) MH)i[H,A]tj{H)>dhiH), 

for some 5 > 0. As usual, we define the multi-commutators ad-^ B inductively by ad^ B = B 
and ad^+^B = [A,ad\B]. 
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Theorem 2.2 (Limiting absorption principle). Let H G C'^{A) he such that ad\ H, j = 1, 2, 
are bounded on TC. Assume furthermore (j2.ip . Then, for all closed intervals J C I and 
/i > 1/2, there exists Cj^^ > such that 

(2.2) sup \\{A)-''iH-z)-\A)-''\\<Cj,^. 

RezeJ 
Im^T^O 

If A and H depend on a parameter, the constant in the limiting absorption principle can 
be specified according to this parameter. In fact, mimicking the proof of [28], we obtain the 
following estimate. 

Remark 2.3. Assume that (12. ip holds uniformly and that [H, A] is uniformly bounded. 
Then, for all closed intervals J C I and fi > 1/2, 



sup WiAy^'iH - z)-\A)-q < Cj,,,{\\adlH\ 

RezGJ 
ImzT^O 

for some Cj^^ > 0. 

We now state a result of Kato [19] which says that, under the conclusions of Theorem! 
{A)~^^l.j{H) is //-smooth. For the proof and more details, we refer to Theorem XIII. 25 and 
Theorem XIII. 30 of 1 301. 



Theorem 2.4 (//-smoothness). Let A and H be two self-adjoint operators satisfying ()2.2 
Then, for all closed intervals J C I and /x > 1/2, 



f ||(A)-^e-^*^]lj(//)n||'dt < 8CjJ\uf, 
Jr 



for all u ^ H. 

In the previous theorem, Cj^^ is the constant appearing in (12. 2p . By interpolation, we get 
Corollary 2.5. Assume ()2.2p . Then, for all closed intervals J C I and < /x < 1/2, 

|2 



/ \\{A)-^'e-'^^tJ{H)ufdt < Mj^^^^T^-'^^+^l 
Jo 

for alio < e < 2//. Here, 
Proof. Since e~**^ is unitary, 

/ \\e-'^"lj{H)u\\^dt <T\\uf. 
Jo 

Combining Theorem 12.41 the previous estimate and an interpolation argument, we get 

r \\{Ay^^-^'^''e-'^"ljiH)u\\^dt < (8Cj,^)^-^rlnf. 
Jo 

for ah < 6* < 1 and 1/ > 1/2. Taking 6* = 1 - 2/i + e G [0, 1] (since e < 2fi) and u = 
/x/(l - 9) = n/{2n - e) > 1/2, the corollary follows. □ 



J.-F. BONY AND D. HAFNER 



We now study the non-homogeneous equation using the Fourier transform. Let G{t) G 
Ll^^{Rt;n) be such that suppG C [0, +oo[. We consider the solution u of 



(2.3) 



(idt - H)u{t) = ^{H)G{t), 
«|t=o = 0' 

with (p E L°°{W) and supp(/9 C J. This means that 



(2.4) u{t) = -i f e-*(*-")^99(/7)G(s) ds, 

Jo 

and then u e C^iRuH) n S'{Rt;n). 

Lemma 2.6. Let A and H he two self-adjoint operators satisfying (j2.2p . Then, for all /x > 1/2 

and if G C"'"(]R) satisfying \\ip\\oo < 1, llv^'lloo < Ci and suppc^ C J, we have 

\\{A)-^^{H){H - z)-'{A)-^^\\ < Cj,^ + Ci, 

for allzeC\R. 

Proof. Using Taylor's expansion formula, we have 

(fix) = ip{y) + {x-y) / Lp'{tx + (1 - t)y) dt, 
Jo 

and then 

ip{H){H - z)-^ = ip{Rez){H - z)-^ + [ ^' {tH + {I - t)Re z) dt {H - Re z){H - z)-\ 

Jo 

Using the spectral theorem, we obtain the following estimates: 

[ if'{tH+{l-t)Rez)dt <[ \\ip'{tH + {l-t)Rez)\\dt <Ci, 
Jo Jo 

\\{H — Rez){H — ^)~"'"|| < sup \x(x — ilmz)^^\ < 1. 

Therefore, for Rez £ J, we have 

\\{A)-^'^{H)iH - z)-^(A)-^'|| < \^iRez)\\\{A)-''{H - z^^Ayf^W + C7i||(^)-^f 

On the other hand, for Rez ^ J, ip{Rez) = and then 

\\{A)-^'ip{H){H - z)-^{A)-^\\ < Ci\\{A)-^^ < Ci. 

The two last estimates give the lemma. □ 

Proposition 2.7. Let A and H be two self-adjoint operators satisfying ()2.2p and ip G C^(M) 
as in Lemma\2M Then, for all ^ > 1/2 and G{t) £ L^{Rt; D{{A)^')) with suppG C [0,+oo[, 
the solution u of ()2.3p satisfies 

/•OD 

\\{A)-''uit)fdt < (Cj,^ + Cif / \\{A)^'G{t)fdt. 







THE SEMILINEAR WAVE EQUATION ON ASYMPTOTICALLY EUCLIDEAN MANIFOLDS 7 

Proof. Let u, = {l + ieH)~^u. From G C^{Rt;n) n C^(Rt; D{H)) n S'{Rt; D{H)) 

and Us is the solution of the problem 

Since the support of the temperate distributions Ue and G is in [0, +cxd[, their Fourier trans- 
forms are analytic in Imz < 0. Then, (12. 5p gives, for Imz < 0, 

{z - H)ue{z) = (1 + ieH)~^ip{H)G{z). 

Then 

(^)-^ne(z) = {Ay^'{l + ieH)-\{H){z - H)-\Ay{A)t'Giz). 

Since + iex)"^ ||oo < ||'/'||oo and \\dx{(p{x){l + iexy^)\\oQ < e||(/5||oo + Hv^'Hoo, Lemma 

12.61 implies 

< {Cj^^ + Gi+e)\\{AyG{z)\\. 
Thus, for all S > 0, Plancherel's theorem gives 

/• + 00 f + OO 

/ e-^*||(A)-'^n,||'dt < (Cj,^ + Ci+e)2 / e-^*||(A)^G||'di. 
Jo Jo 

Letting 6 and e go to 0, we get the proposition. □ 

By interpolation, we also have 

Corollary 2.8. Assume the hypotheses of Proposition 12. 71 Then, for all < fi < 1/2 and 

G{t) G L'^{Rt;D{{AY)) with suppG C [0,+oo[, 

''^ \\{A)-^u{t)fdt < iVj,^,,r2(i-2M+-) r \\{ArGit)\\^dt, 



for all < e < 2/i. Here, 
Proof. Let Pt : L^{[0,T];n) — > L'^{[0,T];n) be the operator defined by 



{PTG){t) = -i [ e-'^*-'^^ip{H)G{s)ds. 
Jo 

Proposition 12.71 gives 

\\{A)'''PtG\\l2(^[q^T];H) < {Cj,u + Ci)\\{A)''G\\l2(^iq^t];H)i 

for z/ > 1/2. Moreover, 

\\PTGhH[o,T];n) < ^ sup r e-^(*-^)^(^(/7)G(s) 

te[o,T] Jo 

te[o,r] Vio / 

< ^I|G'||l2([o^T];-K)- 

With these two estimates in mind, one can prove the corollary by mimicking the proof of 
Corollary [231 □ 



1/2 
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3. The wave equation and the Mourre estimate 

In this section we will show a Mourre estimate for the wave equation on our asymptotically 
Euclidean manifold: 



(3.1) 



{dj + p)u = 0, 

= no, dtu\^^^ = m. 



Recall that 

(3.2) p = .Y,-^^g'^'9^^,- 



,.9 9 



is self-adjoint on L'^{W^,dx) with domain D{P) = H'^{W^). We define H^{W^) as the closure 
of H'^^W^) with respect to the norm 



\u\ 



Let f := Hl{W^) © L'\W^) with 



11(^0, ui)||| = (Puo,Mo) + Iklll^, 
be the energy space associated to ()3.ip . The energy of ()3.ip is clearly conserved: 

\\{u{t),dtu{t))\\^ = ||(uo,ni)||£. 
We will rewrite (j3.ip as a first order system 

idtf = Rf, 



(3.3) 
with 







The operator is self-adjoint on £ with domain D{R) = H'^{W^) © H^{W^). Let £ 
L^(R'^) © L'^{W^). It is useful to introduce the following unitary transform: 

which satisfies 

The operator {L,D{L) = i7^(IR'^) © i7^(M'^)) is self-adjoint. In order to establish a Mourre 
estimate for L, it is sufficient to establish a Mourre estimate for P^^'^. We divide this section 
into the study of the low, the intermediate and the high frequency part. 
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3.1. Low frequency Mourre estimate. 

For low frequencies, we will make a dyadic decomposition and use a conjugate operator 
specific to each part of the decomposition. In this section, we will obtain a Mourre estimate 
for each part. For A > 1, we set 

(3.4) Ax = ip{XP)Aoip{XP), 
where 

Ao = ^{xD + Dx), D{Ao) = {u e L^(R'^); Aqu e L^{R'^)}, 

is the generator of dilations and (p £ C^(]0, +oo[; [0,+oo[) satisfies ip{x) > 6 > on some 
open bounded interval / c]0, +oo[. 

For the various estimates that we will establish in this section, the following formula for the 
square root of an operator will be useful. Making a change of contour and using the Cauchy 
formula, one can show that 

(3.5) a-V2 = i / s-'/\s + a)-'ds, 

^ Jo 

for cj 7^ 0. Therefore, the functional calculus gives 

(3.6) ip{XP)P^/^ = - / s-^/V(A-P)-P(s + P)-^ds. 

Jo 

It is well known that P G C^{Aq). In particular, ip{XP) : D[Ao) — > D{Aq) and Ax is 
well defined on D{Aq). Its closure, again denoted Ax, is self-adjoint (see O Theorem 6.2.5, 
Lemma 7.2.15]). 

Proposition 3.1. i) We have (AP)^/^ g C'^{Ax). The commutators ad^^(AP)^/^ j = 1,2, 
can be extended to bounded operators and we have, uniformly in X, 

(3.7) ||[^A,(AP)i/^]||<l, 

1 P> 1, 



(3.8) ||adV(AP)V2||< 



A" P<1, 



where e > can be chosen arbitrary small. 

it) For X large enough, we have the following Mourre estimate: 

(3.9) ljiXP)[iiXP)'/\Ax]h{XP) > ^^^^11/(AP). 
Hi) For < ^ < 1 and e C^(]0, +oo[), we have 

(3.10) IMAr(x)-^ll < A-^/2+^ 

(3.11) ||(^a)^V'(AP)(x)-^|| < A-^'/2+e^ 
for all e > 0. 

The rest of this section will be devoted to the proof of the above proposition, which will 
be divided into several lemmas. 

Lemma 3.2. We have {XP)^'"^ G ^^(^a). 
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The proof of Lemma 13.21 is analogous to the proof of [13\ Lemme 3.3]. In this lemma, 
it is shown that {{XP)^^"^ ,A\) fulfill the original conditions of Mourre which imply the 
regularity. We now have to estimate the commutators. First note that 

Using formula (j3.6p . we find 

1 r+oo 

(3.12) ^(XP) Ao] ifiXP) = - / s-i/V(AP) [P{s + P)-\Ao] ^{XP) ds, 

Jo 

with 

[Pis + P)-\Ao] = -s [is + P)-\Ao] = sis + P)-' [P, Ao] is + P)-\ 
A direct calculation gives 

[P, Ao]=-iY, a^'D, {2g^g^'^ - x,d,ig^ g^^^)) D^g-' 

j,k I 

- I ^ g"''x,id,g) ^ D.g'g^^^D^g-^ - t ^ g'^ D,g^ g^^^ D^g-^ ^^^^^^d) 

I j,k j,k I 

= _ 2iP + i ^ g-^Dj ( ^ xedeig^g^''') - 2g^^^g x.id.g)) D,g-' 

j,k I I 

+ Y.g-^d,ig-^x,id,g))g^g^'^Dug-^ -Y,g'^D^g^g^'^dkig-^x,id,g))g-^ 

j,k,i j,k,e 

(3.13) =-2iP-2iY^ g-^Djaj^kDkQ-^ + 2^ XI ^kDug'^ " 2^ 

j,k k j 

where d^Uj^k = Oi{x)-P~\°'\) and d^b = ©((x)"''-^-'"!) by (jm]). In the following, a term rj, 
j € N, will denote a smooth function such that 

(3.14) d^rjix) = Oi{x)-P-^-\''\). 

Moreover, to clarify the statement, we will not write the sums over j, k and j, k and replace 
the remainder terms in (13.13P by d*rod, d*ri and rid*. Then, 

(3.15) [P,^o] = -2iiP + d*rod + d*n + rid). 
and (j3.12p becomes 

n- ;>+oo 

^iXP)[P'/^Ao]ipiXP) = / s'/^^iXP)is + P)-' 

^ JO 

(P + d*rod + d*ri + rid) (s + Py^^iXP)ds. 

Proceeding as in ()3.6p . one can show that 

/ s^/WXP)Pis + P)-^ds = ^^\XP)P^'\ 
Jo 2 

Then, we finally obtain 

(3.16) [iiXP)^/^,Ax] = (AP)i/V'(AP) + R, 
with 

(3.17) i?=-AV2/ s^/^ipiXP)is + P)-^id*rod + d*ri+rid)is + P)-^<fiXP)ds. 

TT Jo 
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The remainder term R can be estimated in the following way. 
Lemma 3.3. Assume < 7 < d/A. Then, we have 

\\Ru\\ < A-^+^||(x)-'"^^(''''^/2)+27+Su||, 

for all e > . 

Proof. First, we write 

f{xp){s + py^d* = x-^/\s + p)-V(AP)(AP)^/2p-i/2^*^ 

Using Lemma IB . 1 3 1 and the functional calculus, this term can be estimated by 

(3.18) \\^{XP){s + P)-'d*\\ < X-'/'\\{s + P)-ilsupp^(AP)|| < X-'/\s + X-Y'- 
Moreover, applying Lemma lB.121 (with /3 = and 7 = 1/2 < d/4), we get 

(3.19) \W{^P){s + P)-^d*u\\ <{s + A-i)-iA-i+=||(x)u||, 

(3.20) ||v'(AP)(s + Py^l < (s + A-i)-iA-i/2+^||(x)n||. 

On the other hand, we write, for /c G N, 

(s + P)-V(AP) = A(As + AP)-V(AP)(AP + l)-^ 
with ip{o-) = (p{a){a + 1)^ G C^(]0, +oo[). Using the spectral theorem, we have 

(3.21) {s + P)-^ip{XP) = ^ /(^^ + zy^di>iz){XP - z)-\XP + l)-''L{dz), 

where £ Cq°{C) is an almost analytic extension of ip. From the form of if, one can always 
assume that suppV' C {z £ C; Rez >e> 0}. In particular, 

(3.22) |(As + z)-i| <(As + l)-\ 

uniformly for z £ supp'i/'- 

Using Proposition IB. 91 Lemma IB. 101 and Remark IB. Ill we obtain 

||(x)~^(AP - Z)'^u\\ < \\{x)-P{XP - ^)-l(a;)mm(p,d/2)-£^^^-min(p,d/2)+e^|j 

(3.23) < ^_||(x)--i°(^'^/2)+-^x||, 

I im z\^ 

and 



(3.24) < A_^||(a;)-mm(M/2)+e^ 



\{x)-Pd{XP - Z)-'^U\\ < \\{x)-Pd{XP - 2)-l(x)"^''^(^''^/2)-e^^^-mm(p,d/2)+e^ 

I Im z\' 

for all e > 0. 

Let 7 < d/4 and fix > 7 + 2. Applying k times Proposition IB. 91 we get 
(3.25) \\{x)-''''''^P''^/^^+' {XP + l)-''u\\ < A-^+"||(x)-™'^(^''^/2)+27+2£^j 

for all e > 0. 
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The formula ([3:21]) and the estimates (|3:22]) . ([3:25]) imply 

\\{x)-P{s + P)-^ip{XP)u\\ 

< A(As + J \di^{z)\\\{x)~P{XP - z)-\XP + l)-^n|| L{dz) 

-min(p,d/2)+27+2e 



(3.26) <Ai-^+-(As + l)-i(a 



for all e > 0. The same way, using ()3.24p instead of (|3.23p . we obtain 

(3.27) \\{x)~Pd{s + P)- V(AP)n|| < X^/^-^+'{Xs + 1)-^ || (x)- '"^"(^■'^/2)+27+2e^|| ^ 
for all e > 0. 

Let Ri be the term of (IXT7|) with aVo^. Using ro = 0{{x)-P), dXTH]) and (I22ZD, we get 

\\Riu\\ < Ai/2-7+^ + A-i)-i(As + ir'ds^ 

(3.28) < A-^+= '^'°(''''^/2)+27+2£^|| 



|^^|^-mm(p,d/2)+27+2e^ 



for all e > 0. The same estimate can be proved for the term of (j3.17p with d*ri (resp. rid) 
from n = 0{{x)-P-^), (IXT9D and (13:26]) (resp. (|3:20D and dS^ZD). □ 

Lemma 3.4. For all e > 0, 

[[{XP)'/\Ax],Ax]=0{X'). 

Remark 3.5. If we assume p > 1, Lemma \3.4\ can be proved more simply. In fact, Lemma[33l 
and Lemma give \\Ru\\ < and ||^a^^|| ^ IK^^)^!!- Using R* = R, these estimates 

imply Lemma \3.4\ 

Proof. • We start with the commutator between Ax and the first term on the right hand side 
of (|3.16p . Let 'iP{(t) = aip'^{a'^) and be an almost analytic extension of tp. Then, we have 

[{XP)'/'^\XP),A,]=[^i{XP)'/'),A,] 

= d^iz){iXP)'/' - z)-'[{XP)'/^Ax]{iXP)'/' - z)-'L{dz). 

From (|3.16p and Lemma [3.3] [(AP)^/^,^a] is uniformly bounded. Therefore, the commutator 
[{XP)^/'^(p'^{XP),A\] is also uniformly bounded. 

• We now study the commutator between Ax and R defined in (|3.16p . One can write 
(3.29) [Ax,R] = [ip{XP),R]Ao^{XP) + ip{XP)[Ao,RMXP)+ip{XP)Ao[ip{XP),R], 
that we note [Ax, R] =81 + 32 + 83. Since ^3 = —81, we only study the two first terms. 
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-k With (j3.17p in mind, the operator Si can be written 

Si = / s^/V(AP)(s + P)-^ [(p{XP),d*rod + d*ri + nd] 

^ Jo 

(3.30) is + Py^ip{XP)Ao<f{\P)ds, 
where 

[<f{XP),d*rod + d*ri+rid] 

(3.31) Jd^iz)iXP - z)-^[P,d*rod + d*ri+rid]{XP - z)-^L{dz), 

and If is an almost analytic extension of (/?. A direct calculation gives 

[P, d*rod + 5*ri + rid] = d*d*rid + d*r2d + d*rs + r^d, 

with the convention of (j3.14p . For the first term in this equality, we write 

d*d*rid =d*{XP + 1)(AP + l)-^d*rid 

={XP + l)d*{XP + iy^d*rid - X[P, d*]{XP + l)-^d*rid. 

As before, a direct calculation gives 

[P^d*] = d*rid + d*r2, 

with the usual decay on ri and r2- Summing up, we get 

[P,d*rQd + d*ri+rid] = {XP + 1)3* {XP + l)-^d*rid 

- X(d*rid + d*r2){XP + l)'^d*rid + d*r2d + d*r3 + r^d*. 

Applying Lemma IB.IOI (with f3 = 1 and 7 = satisfying ^ + (3/2 < d/4), Lemma IB. 101 (with 
/3 = and 7 = 1/2), Remark IB . 1 1 1 and Lemma IB. 131 one can show that all the terms (say r) 
of the last equation, with the exceptions of d*r^ and r^d, satisfy 

\-3/2+e 

(3.32) ||(AP + l)'i(AP - zy'7{XP - zy\\\ < -\\{xy^u\\, 

" " I Im z\^ 

for all e > 0. Writing 

(AP + iy\xp - zy^d*r^{xp - zy^ = {xp + iy^{xy^{x){xp - zy^d*n{xp - zy^, 

and using Proposition ES (with ^ = and 7 = 1/2), Lemma |B30] (with /? = 1 and 7 = 1/4) 
and Proposition IB. 91 (with (3 = 1 and 7 = 1/4), we get 

\-3/2+e 

(3.33) \\{xp + ly'ixp - zy^d*rsixp - zy'ull < - — -\\{xy\\\. 

" " I Im z\^ " " 

Note that, in the case d = 3, we have 7 + (3/2 = d/A. It is why we can not use the additional 
decay {x)~^ and loose A^. In a similar manner. Proposition [El (with /? = and 7 = 3/4) 
and Lemma IB.IOI (with (3 = 1 and 7 = 1 /4) imply 

\-3/2+e 

(3.34) \\{xp + iy\xp - zyy^dixp - zy\\\ < - — -\\{xy\\\. 
II II I j^j^ " " 

Combining the estimates (|3.32p . (|3.33p and (|3.34p with the identity (j3.3ip . we obtain 

(3.35) \\iXP + iy^[ip{XP),d*rod + d*ri + rid]u\\ < X-^/^+'\\{x)-'^u\\. 
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From the form of Aq, we have 

Aq = —ig~^dxg + a, 
with d^a{x) = 0((x)~l"l). As in plnll . we write 

(3.36) (s + P)-V(A-P) = ^ /(^^ + 2)"^5^(z)(AP - z)-'^L{dz). 

The above expression for together with Lemma iB. 101 (with (3 = 1 and 7 = 0), Proposition 
\BM (with /? = and 7 = 1/2) and Remark ETH gives 

\-l/2+£ 

ll(xri(AP-z)-%||<^^. 

Then, (fXM]) (see also (K22h ) imphes 

(3.37) ||(x)-i(s + P)-V(AP)^o|| < Ai/2+^(As + l)-\ 
for ah e > 0. 

Eventuahy, using the identity (|3.30p . the functional calculus and the estimates (|3.35p and 
(I3.37p . we obtain 

r+oo 

\\Si\\ <Ai/2 / s'/^s + A-1)-1a-V2+-aV2+-(As + l)-'ds 
Jo 

f + OO /■ + 00 

(3.38) <a3/2+2. / ^l/2(^^ ^ i)-2^^ < ^2e / ^1/2^^ ^ ^)-2^^ < ^2e ^ 

Jo Jo 

for all e > 0. 

■k We now study S2 = ip{XP)[Ao, R]ip{XP). Using (j3.36p . ^2 can be decomposed as 

(3.39) S2 = Ti+T2 + T3, 
with 



2 



+00 



Ti =^A5/2 J J s'/^d^{z){Xs + z)-V(AP)(AP - z)-'[P, Ao]{XP - z)-' 

(d*rod + d*ri + nd) {s + P)" V^(AP) L(dz), 
T2 =-Ai/2 / sVV2(AP)(s + P)-i [Ao, aVoa + 9Vi + ri9] (s + P)" V'(AP) ds, 

JO 

T3=—X^/^ // si/25^(^)(As + z)-V'(AP)(s + P)-i(a*roa + a*ri+ri9) 

(AP - z)~\P, Aq\{XP - z)-V(AP) f^s L{dz). 

Since Tg = Ti, we only treat Ti and T2. 
From (|3.15p . we know that 

[P, Ao] = -2iP + d*rQd + d*ri + nd. 

Let r be a term of the last equation and let r be a term of the sum 

d*rod + d*ri + rid. 
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Then the functional calculus, Proposition IB. 91 (with (3 = and 7 = 1/2), Lemma IB. 101 (with 
/? = and 7 = 1/2), Remark IB . 1 1 1 and Lemma IB. 131 show that 

II (AP - zr'?iXP - z)-^?{\P + l)-i II < y^^, 

for all e > 0. Then, Ti becomes 

f+00 

(3.40) llTill < / ^1/2(1 ^ ^^^-i^-2+.(^, ^ \-^)-^ds < A^ 

Jo 

for all e > 0. 

A direct calculation shows that 

[Aq, d*rod + d*ri + rid] = d*rod + d*ri + rid + r2. 

From Proposition IB. 91 (with P = and 7 = 1/2) and Lemma IB. 131 every term (say r) of the 
previous equation satisfies 

||(AP + l)-if(AP + l)-i|| < A-i+^ 

Then, using the spectral theorem, T2 fulfills 

f+00 

(3.41) \\T2\\<X^/^ s^/\s + X-')-^X-^+'{s + X-')-'ds<X', 

Jo 

Combining ([339]) with the estimates (fOO]) . (fOT]) and = Ti, we obtain 

(3.42) l|S2||<A^ 

* The lemma fohows from ([329]), dOHIl . (13:421) and 53 = -S^*. □ 

Lemma 3.6. Let < < 1 and G C'^QO, +oo[). Then, we have 

(3.43) |MA|''(a;)"^|| < A-^/2+e^ 

(3.44) ||(^;,)^^(AP)(x)-^||<A-^/2+.^ 
for aii e > 0. 



Proof. From (j3.4p . we have 
(3.45) 

Lemma IB. 131 gives 



(3.45) = ip{XP)(^g-^Dxg + + g-^x{dg)))^{XP). 



^{XP)g-^D = P^/'^ip{XP)p-^/^g-^D = ©(A'^/^^^ 
Moreover, Lemma lB.121 (with /3 = 1 and 7 = 0) implies 

\\{xMXP)u\\ < X^\{x)ul 
for all e > 0. Summing up the previous estimates, we get 
(3.46) \\^{XP)g-'Dxgip{XP)u\\ < X-^/^+'\\{x)u\\, 

for all e > 0. Using Lemma lB.121 (with /? = and 7 = 1/2) and that x{dg) is bounded by 



(IHip . we obtain 

(3.47) \p{XP)[^ + g-^x{dg)y{XP)v\ < \\^{XP)u\\ < X-'/''+^\\{x)u\ 
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The inequality l^3J3\\ follows from SJMh and (lOT]) for = 1 and for < ^ < 1 by 

interpolation. To prove (j3.44p . we write 

\\{Axr^{xp){x)-^\\ < ||v^(ap)(:e)"^|| + ||i^Ar^(AP)(x)-'^|| < \-^/'+', 

where we have again used Lemma IB. 121 with (3 = and 7 = 1/2. □ 
Lemma 3.7. For A large enough, we have 



li{XP)[ii\P)'/'',Ax]M^P) > ^^^^]1/(AP). 

Proof. Recall that (|3.16p gives 

[i(AP)i/2,^A] = (AP)i/V'(AP) + «• 

On the other hand, we know by Lemma 13.31 that \\Ru\\ < A^^HuH for some e > 0. Using 
(p{x) > (5 > on / and taking A large enough, we get the lemma. □ 

3.2. Intermediate frequency Mourre estimate. 

Here, we obtain a Mourre estimate for frequencies inside the compact [1/C,C]. For that, 
we will use a standard argument in scattering theory. Mimicking Section 13.11 we set 

(3.48) A = ip{P)Ao^{P), 

where if G Cq°(]0,+oo[; [0, +oo[) with 93 = 1 near [1/C, C]. As before, A is essentially self- 
adjoint on D{Aq) and we denote again A its closure. 

Proposition 3.8. i) We have P^l"^ G C'^{A). The commutators ad;^P-'^/^, j = 1,2, can be 
extended to bounded operators. 

it) For each a E [1/C, C], there exists S > such that 

(3.49) l[,_s,.+5]{P)[iP'^^A]l[^-S,a+S]iP) > ^\^s,a+5]{P)- 

Hi) For < ^ < 1, we have 

(3.50) ||(^>^x)-^||<l. 

Proof. The points i) and Hi) follow directly from Proposition 13.11 with A = 1. Moreover, using 
(|3.16p and Lemma [331 we get 

[iP'/\A] =P^'Wp)+R, 

where ||-Rti|| ^ ||(2;)~'^n|| for some > 0. Then, Rip{P) is a compact operator on L^(M'^). Let 
a G [1/C, C]. Since a is not an eigenvalue of P (see [9, Corollary 5.4]), we have 



Thus, we obtain 



s-lim \-s,a+S] (P) = 0. 



lim \_s,a+6]{P)R^{P) = 0, 
0— +0 



in operator norm. Using 

\-S,a+5] (P) [iP^^^A] \-S,a+S] (P) >V^t[^-5,a+5] (P) 

+ ll^-S,a+5] {P)Rip{P)l[a-5,a+S] (P) , 

part ii) of the proposition follows. □ 
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3.3. High frequency Mourre estimate. 

In this section, we construct a conjugate operator at high frequencies. We work with the 
simple cj-temperate metric 

We refer to [15\ Section XVIII] for the Weyl calculus of Hormander. For m(x,^) a weight 
function, let S{m) be the set of functions / G C°°{R'^ x M^) such that 

for all a, /3 G N'^. In fact, S{m) is the space of symbols of weight m for the metric 7. Let 
^'(m) denote the set of pseudo-differential operators whose symbols are in S{m). 

Let G >S'((^)^) be the symbol of P, and 

be its principal part. We have p — po £ S{1). Let 



d^Po 
-dxPo 



be the Hamiltonian of pq. Since the metric q is non-trapping by assumption, the energy 
{pq = 1} is non-trapping for the Hamiltonian flow of po. Then, using a result of C. Gerard 
and Martinez [T2], one can construct a function 6(x,^) G <S'((x)(0) such that 6 = x • ^ for x 
large enough, and 

(3.51) Hp,b > 5, 

for some 6 > and all {x, ^) G Pq^HI — e,l + e]), e > 0. We set A = Op(a) with 

a{x,0 = b{x,{po + l)-'^^C) € S{{x)). 

Let / G C°°(M;M) be such that / = 1 on [2,+oo[ and / = on ] - 00, 1]. As conjugate 
operator at high frequency, we choose 

(3.52) A^ = fiP)AfiP). 

Let if G C^(M) satisfy + / = 1 on [-1, +oo[. Since P > 0, we have f{P) = 1 - ip{P). 
On the other hand, from the functional calculus of pseudo-differential operators, (p{P) G 
^((0~°°) then f{P) G ^'(1). To prove this assertion, one can, for instance, adapt 
Theorem 8.7 of [8j or Section D.ll of [7] to the metric 7. In particular, Ao^ is well defined as 
a pseudo-differential operator, and we have 

(3.53) ^00 = ^ + ^{{x){0-n G ^((^))- 
The following proposition summarizes the useful properties of Aqq . 

Proposition 3.9. i) The operator A^o is essentially self-adjoint on any core of {x) with 
D{{x)) = {ue L2(M«'); {x)u G L2(R'^)}. Moreover, 

\\Aoou\\ < \\{x)u\\, 

for all u G D{{x)). 
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a) We have P^/^ ^ C'^(Aao)- The commutators [P^s^^^j g^^^ [[P'^/'^ , A^c], A^] are in 
^'(1) and can be extended as bounded operators on L^(M'^). 
in) For C > large enough, 

%C,+oo[(^)^[^'/',^oo]l[C,+oo[(^) > ^l[C,+oo[(^'). 

The rest of this subsection is devoted to the proof of this proposition. It is a direct 
consequence of the next lemmas. For the first part of the proposition, we wih use the following 
extension of Nelson's theorem due to C. Gerard and Laba [11, Lemma 1.2.5] (see also Reed 
and Simon [29'j Theorem X.36]). 

Theorem 3.10 (Nelson's theorem). Let Ti. be a Hilbert space, N > 1 a self-adjoint operator 
on 7i, H a symmetric operator such that D(N) C D{H) and 

\\Hu\\<\\Nul 

\{Hu,Nu) - {Nu,Hu)\ < ||iV^/\f , 

for all u £ D{N). Then, H is essentially self-adjoint on any core of N. 

Lemma 3.11. The operator A^q is essentially self-adjoint on any core of {{x) , D{{x))) (in 
particular, on the Schwartz space S(R'^)) and 

\\Aoou\\ < \\{x)u\\, 

for all u e D{{x)). 

Proof. The operator = (x) is self-adjoint on D{N) = D{{x)) and essentially self-adjoint on 
5(IR'^). Since ^oo G ^{{x)) and £ ^'((x)~^), the operator AooN''^ G 'I'(l) is bounded on 
L^(]R'^) by Calderon and Vaillancourt's theorem. Then, A^o is defined on D{N) and 

UooUW < \\Nu\\, 

for all u£ D{N). 

By pseudo-differential calculus, (x)"^/^[Aoo, (x)](x)"^/^ G ^{{^)^'^) is bounded on ^^(M'^). 
Then, working first on iS(M'^), this gives 

\{Au,Nu) - {Nu,Au)\ < \\N^/^uf, 

for all u £ D{N). Thus, Theorem 13.101 implies that A^q is essentially self-adjoint on any core 
ofD{{x)). □ 

Lemma 3.12. Let g £ C°°(M; [0, +cxd[) be such that g = on] — co, a] and g = 1 on [b, +oo[, 
for some < a < b. Then, 

g{P)P^/^ = Op ((po + 1)'/') + ^(1) G ^((0)- 

We omit the proof of this classical result. It follows from (jS.Sp and the Beals lemma 
We refer to Section 4.4 of |:14j for similar arguments (see also [H Theorem 4.9]). 

Remark 3.13. For the subsequent uses, a parametrix will be enough. In fact, since we 
work with the metric 7, the remainder terms will decay like {{x,(,))~°° . Therefore, they can 
"absorb" the pseudo-differential operators of any weight. In particular, this allows to treat 
the commutators. 
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Lemma 3.14. We have [P''/^,A^] G ^'(1) and [[P^^'^ , Aoo], A^] G ^'((^)-i). These commu- 
tators extend as bounded operators on L'^{W^). 

Proof. Let g G C°°(M) as in Lemma 13.121 be such that fg = f- Then, 

(3.54) [P^/^Aoo] = [g{P)P'^\A^]. 

Since g{P)P^/'^ G ^((C)) W Lemma [3.121 and A^ G ^((x)), the pseudo-differential calculus 
gives [5(P)pi/2,^oo] G ^(1)- The same way, [[P^/^, yloo], ^oo] G Using Calderon 

and Vaillancourt's theorem and working first on 5(M'^) which is dense in D{{x)) Pi H^{W^), 
one can prove that these operators extend as bounded operator on L'^{W^). □ 

Lemma 3.15. We have P^/^ G C^iA^). 

Proof. Let H = {D) = Op((.^)) G ^{{^)) be the self-adjoint operator with domain D[H) = 
D{P^I'^) = H'^{W^) (see Lemma|B33l). We remark that {H ± z)'^ = Op(((0 ± z^^) G *(1) 
is a Fourier multiplier. Thus, D{{x)), which is a core of from Lemma 13.11^ is stable by 
{H ± zy^. On the other hand, [H,Aoo] G *(1) can be extend as a bounded operator on 
L2(M'^). Then, Theorem lAT] implies H G C^iAoo). 

Since H G C-^(Aoo) and [H,Aoo] is bounded on L^(M'^), Lemma 1X3) savs that e**"^°° leaves 
Z)(//) invariant. Then, e**"^°° leaves D{P^I'^) = D{H) invariant and [P^/'^,Aoo] is bounded 
from Lemma 13.141 Then, Theorem IA.2I implies that P^/^ G C^(Aoo)- 

The lemma follows from Theorem IA.2t Remark IA.4I and Lemma 13.141 □ 

Lemma 3.16. For C > large enough, 

Proof. Equation (|3.53|) and (j3.54p , Lemma 13.121 and the pseudo-differential calculus give 
i[P'/',A^] =i[g{P)py\A^] 

=i[op((po + i)'/'),op(a)] +my') 

=\ Op ((Po + l)-'/'(55Po)(x,0 • {d.b){x, {po + l)-^/2^) 

- (po + ir\d,po){x,o ■ (9^6) (x, {po + i)-^/'e)) + ^((0"') 

(3.55) =i Op ((H,„6)(x, (po + l)-^/^0) + ^m-')- 

For the last equality, we have used that po is a homogeneous polynomial of order 2 in ^. 
Note that 

Po{x, {po + l)-^/2e) = {Po + ly^Po G [1 - e, 1 + e], 
for ^ large enough. Then, adding a cut-off function in ^, (j3.5ip and (j3.55p imply that 

i[p^/^A^]=opic) + mr'), 
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with c G 5(1) and c{x,^) > 6/2. We write c{x,C) = S/A + (P{x,0 with d G S{1) real valued. 
Thus, by the pseudo-differential calculus, 

A^] > 5/4 + Opid)* Op{d) + *((0"') 

(3.56) >5/4 + ^((0"'), 

as self-adjoint operators (one can also apply the Garding inequality). 

Let R E "^(i^)-^). Since P E "^{{0^), the operator 

R*{P + l)R E ^-(1), 

is a bounded operator on L'^{R'^). Then, (P+l)^/^^ is also bounded on ^^(M'^). In particular, 
we have 

\\l[C,+oo[iP)R\\ =||]l[C,+oc[(^')(^+l)"'/'(^+l)'/'^|| 

<||]l[C,+oo[(^')(^+l)-'/l||(^'+l)'/'i?|| 

(3.57) <(C + l)-i/2. 

The lemma follows from (j3.56p and (j3.57p . □ 



4. Proof of the linear estimates 

In this section, we will show the main estimates for the linear wave equation (Theorem 11.31 
and Theorem II. 4p . To prove these results, we will make a dyadic decomposition of the low 
frequencies. We will often consider ip E Cq°(]0,+oo[; [0, +oo[) such that 

(4.1) Yl '^(^^) = 1' 

A=2", n>0 

for X e]0, 1]. To if, we will associate ip E C^(]0, +oo[; [0, +oo[) satisfying ifip = ip. 
We begin with a technical lemma which proves Remark 11.51 m). 

Lemma 4.1. For all Jl < fx < 3/2, we have 

\\{xr^deu\\ < ||(x)-^pi/2^||, 
d 

e=i 

Proof. Since the two inequalities can be treated the same way, we only prove the first one. 
We write 

||(x)"^a£n|| < ||(x)"^a^^(P < C)u\\ + lUxy^'di'^iP > C)u\\ =: h+h- 
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• We first estimate Ii. Let ip be as in (j4.ip . For < /Li, we have, using Lemma IB. 121 

A dyadic 

= ^ \\{x)->'{X^/%)ip{XP){XP)-^''^{xY{x)-^^P^''^u\\ 

A dyadic 
A dyadic 

<||(x)-^pi/2n||, 

for £ small enough. 

• We now estimate l2- By Lemma |3. 121 and the pseudo-differential calculus, we know that 
the operator 

{x)-''di^{P>C)p-^/^{xY, 

is bounded. Therefore, 

□ 

Using the same type of proof, one can show the following estimate. 
Lemma 4.2. For all jjL> 1, we have 

\\{x)~^u\\ < \\P^''^u\\. 

Remark 4.3. Let /i > be given. Then, for all e > 0, there exist 0</I<;U, 0<e<e such 
that F~{T) < F^{T). Then, it is sufficient to bound the different quantities we consider by 
F£{T) rather than by F^{T). 

Theorem 1 1 . 3 1 will follow from the corresponding result for the group e~**^^^^. 
Proposition 4.4. Let < /x < 1. Then, for all < e < fi, we have 

r\\{x)-^e-^'^''\\\'dt<F^,iT)\\vf. 
Jo 

Proof. We write 

/ \\{xy^e-''^'^\\\^dt< \\{x)-^'e-''^'^'^{P <l/C)vfdt 
Jo Jo 

+ [ \\{x)'^'e-''^'^'^{l/C <P <C)vfdt 
Jo 

+ / \\{x)-^'e-'*^^^''^{P>C)vfdt=:h + h+Li. 
Jo 

• We first estimate Ii. Let ip, ip be as in (j4.ip . Proposition 13.11 gives 

||(x)-''(?(AP)(^A>1|'<A-^'+^S 
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for all El > 0. Then, 



E ^-'^^'^ r \\{Ax)-^e-'''"'\{XP)vfdt 
, TTj:. Jo 



A dyadic 

A dyadic ^ 
A dyadic 

for all £21^3 > with £2 < l-i'- Here, we have used Proposition 13.11 Remark 12.31 Theorem 12.41 
(for ^ > 1/2) and Corollary O (for < 1/2) with H = (XP)^/^. 

•k If fi > 1/2, then, by choosing £1,63 small enough, the sum is convergent and we find 

h<\\vf. 

* If /i < 1/2, we find 

Il< Y A^i+''='~^22-^-2A«+2e2||^||2_ 
A dyadic 

Fixing first 82 and then £1,53 small enough makes the sum convergent. 

• We now treat l2- Since [1/C,C] is a compact interval. Proposition 13.81 gives us a finite 
number of open intervals Ik, k = 1, . . . , K , satisfying ()3.49p and 

K 

[l/C,C] c \Jh. 

k=l 

Then, applying Theorem [23] (for fi > 1/2) and Corollary [23] (for /i < 1/2) on each (slightly 
reduced), we obtain 

l2<F^,{T)\\v\\'. 

• Let us finally estimate I3. By Proposition 13.91 and an interpolation argument, we get 

||(x)-^(^oo)1| < 1. 

Thus, 

/ \\{x)-''e-''^'^'^{P>C)vfdt< \\{Aooy''e-''^'^'^{P>C)vfdt 
Jo Jo 

<niT)\\v\\\ 

where we have used Theorem 12.41 (for fi > 1/2) and Corollarv 12.51 ffor fi < 1/2). □ 

For the proof of Theorem 11.31 we will need the following theorem of Christ and Kiselev [6] 
in a form available in the article of Burq [5] . 

Theorem 4.5 (Christ-Kiselev). Consider a bounded operator T : LP{]^;Bi) — > L'^(IR;i?2) 
given by a locally integrable Kernel K{t,s) with value operators from Bi to B2, where Bi 
and B2 are Banach spaces. Suppose that p < q. Then, the operator 



Tf{t)= [ K{t,s)f{s)ds, 

Js<t 



THE SEMILINEAR WAVE EQUATION ON ASYMPTOTICALLY EUCLIDEAN MANIFOLDS 

is bounded from LP(R; Bi) to L'i{R- B2) hy 
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ll'^llLf(R;i?i)^L9(IR;B2) < (1 - 2 ^ )\\'^\\lp{M.;Bi)^Li{R;B2)- 

Proof of Theorem \1.3[ By linearity and uniqueness it is sufficient to consider separately the 
cases (uo,ui) = 0, G = 0. 

• G = 0. Thanks to the discussion at the beginning of Section [3l the solution of (jl.4p is 
given by 



u{t) 
dtu{t) 



itnf uo 

Ul 



with R 



i 
-iP 



R = U*LU. 



Using Lemma l4.1|, we see that for // < /i we have 



2 



with 
(4.2) 



M :-- 



Q \ 1/11 
1/ V2\-ii 
Using Proposition 14.41 we therefore have the following estimate 



T 



\{x)-^^u'\\l,dt< 







itR( Uq 
Ul 



L'2xL'2 



dt 



< 



\ Ul 



dt 



U 



Ul 



L^xL'2 



F^{T)\\{uo,ui) 



{uq,ui) = 0. In this case, the solution of (|1.4p is given by 



uit) 
dtu{t) 



J{s-t)R 







Thus, for all < /i, 
(4.3) 
Let 







T 



ds. 





G{s) 



ds 



dt. 



L^xL^ 



We estimate 



\\rf\\ 



T 



{xye 

T 



rp 2 

e''''f{s)ds 







dt 



e'''^f{s)ds 







<Fm[ / \\f{s)\\ds 
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The expression on the right hand side of (j4.3|) is 



|TC/(0,G(.))||i,,_,^^,., 



with 



Tfit) 



s<t 



(x)-'^l[0,T](s)]l[0,T](t) 



J(s-t)L 



fis)ds. 



We can apply the theorem of Christ and Kiselev to conclude that 



u 





Gis) 



ds 



=Fi(r)^ \\G{s)\\^,ds^ , 

which finishes the proof. 

Theorem 11.41 is now proved for = using in addition the usual energy estimate 
(4.4) 

Note that in the usual energy estimate u' is replaced by {dtu, P^^^u), but we have 

k k 

by Lemma IB. 131 It will be useful to have similar estimates to the preceding containing 
2^2^]gd+i^ (^x)^^dtdx) norm of G on the right hand side rather than a L\L1. norm. 



T 

1^^' llL2(Md) < ||u'(0, •)llL2(Rd) + / 11^(5, ■)\\L^{M,<l)ds. 



Proposition 4.6. Assume < /i < 1. 
i) Let 

(4.5) 

Then we have, for all < e < ^, 

r-T 



id, - P^/^)v = G, 



■'|t=o 



0. 







(4.6) 

a) Let 
(4.7) 



Then we have, for all < e < fi. 



\{x)-^^vrdt<{Fi{T)Y / UxYGrdt. 



{dl + P)u = G, 



(4. 



{x)->^n'rdt<{F^JT)r / Ux^Grdt. 







T 
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Proof, i) We have 

\{x)-^'vfdt< \\{xy^{P <1/C)vfdt+ < P < C)t;f 

JO Jo 
f-T 



+ / \\{x)-^^{P>C)v\\^dt=:h + l2 + h. 
Jo 



• We first estimate Ii. Let if, (p be as in ()4.ip . By Proposition I3.H we know that 

||(x)-^<^(AP)^;||' = \\{x)-^^iXP){Ax)^{Axr^ip{XP)vf < X-^+'^\\{Ax)-''^iXP)vf . 
Therefore, we have 



E >^'^^"' I \\{Axr^^{xp)v{t)fdt 

X dyadic ^ 

V A-^+"i+i/2 / \\{Ax)-^ip{XP)v{X^/^s)fds. 



A dyadic 

Now observe that v{s) = v{X^/'^s) is solution of the equation 

f - {XPf")v = X^'GiX'/'s), 

We now apply Corollarv 12.81 with H = (AP)^/^. Using also again Proposition l3.lt we obtain 

/ \\{Ax)-''ip{XP)v{X^/h)\\^ds 
Jo 

<{Fl\X-''^T)fX / \\{Axrp{XP)G{X^/^s)\?ds 



Thus, 



<(F'\X'^/^T)fX^'^+'-' / \\{xYG{X^/^s)fds 

Jo 

={F'^X-^/^T)fX^/^~^+''' [ \\{x)^'G{t)fdt. 

Jo 

/i< V X^-^^'+'^+'-->iF'^iX-'^/^T)f r \\{x)f'Git)fdt. 



X dyadic 

If /i < 1/2, then we see that 

A dyadic ^ 

Once < £2 < fixed, it is therefore sufficient to choose £1,63 small enough such that 
£1 + £3 < 2e2- If > 1/2, we choose ei, £3 small enough such that ei + £3 < 2fi — 1. Then, 

h< r \\{xrG{t)fdt. 

Jo 
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We now study l2- Part Hi) of Proposition 13.81 implies 

l-T 



h< f \\{A)-^^{l/C <P <C)vfdt. 
Jo 



As in the proof of Proposition 14.41 Proposition 13.81 gives us a finite number of open intervals 
Ik, k = 1, . . . , K, satisfying ()3.49p and 

K 

[l/C,C] c \Jh. 

k=l 

Then, applying Corollary 12.81 on each 1^ (slightly reduced) and using Proposition 13.81 we 
obtain 



Jo 

We finally estimate I3. Proposition 13.91 and Corollary 12.81 yield 



h < 



r \\{A^)-^-^{P > C)vfdt < {F^^{T)f r \\{A^rG\ 

JO JO 



dt 



a) We first write (j4.6p as a first order system 



idt 



dtu 



R 



u 

dtu 



+ 1 



G 



dtu 



It is sufficient to estimate, for fi < fi, 



{x)-^M 



u 

dtu 



dt 



with M defined in (1421). But v = U 



dtu 

{idt — L)v = ill 



{xy^'Mu*u 

solves 



U=o 



u 

dtu 



0. 

2 



dt, 





G I ' 



0. 



By (14. 2[) and part i) of the proposition, we find 



u 

dtu 



dt< 



Uxy^'v 



u l|2 



IL2xL2 



dt 



<{Ff,{T)y 



{xyu 




G 



dt 



lixy^'GW^^dt. 



which gives ii) thanks to Remark 14.31 



□ 



We now want to prove Theorem ll.4l for general N. In contrast to the Minkowski case, this 
does not follow directly from the case = because the vector fields O, dx do not commute 
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with the equation. We wih therefore need the form of certain commutators. As in (|3.14p . a 
term rj or Vj, j G N, will denote a smooth function such that 

These functions can change from line to line. Direct computations give 
Lemma 4.7. We have 

[dj,dk] = nd, p] = rodd + nd 

[d*,dk] = d*n + r2, d^] = rod, 

[P, di] = d*rid + r2d. 
As before, we have not written the sum over the indexes on the right hand sides. 

We now observe that the vector fields dj can be replaced by powers of P. 
Lemma 4.8. For < /i < 3/2 and n >2, we have 

(4.9) \\{xy^dj,---dj„u\\ < J2 EIK^)"'^^«^'^II + EIK^)"^^'^II- 

j=0 q=l j = l 

Proof. We first show 

d 

(4.10) \\{x)-''dkdeu\\ < Wixy'^PuW+Y.Wi^y^uW- 

q=l 

Indeed, we have 

Wixy^'dkd^uW < \\{x)-''dk{P + ir%{P + l)u\\ + \\{x)-''dkiP + ir^[P,di]u\\ =:A + B. 
We estimate A. 

A < \\{x)-^dk{P + iy%Pu\\ + \\{x)-^'dk{P + iy%u\\. 

Noting that {x)~^^dk{P+l)~^d£{x)^^ and {x)'''^dkiP+l)^^{x)^ are bounded bv Proposition lB.9l 
and Lemma |B.10( we obtain 

(4.11) A < ||(x)-^Pn|| + WixydeuW- 
Now, recall from Lemma 14.71 that 

[P, di] = d*rid + r2d. 

Thus, as for (|4.11|) . we see that 

(4.12) B<Y,\\{^)-''d,n\\. 

j 

The inequalities (I4.1ip . ()4.12p give (14.101) . We will show (fOI) by induction over n > 2. For 
n = 2 this is exactly ()4.10p . Assume n > 3. Using ()4.10p . we obtain 

\\{x)~^dj,dj^---dj„u\\ < \\{x)-^'P^j^ ■ ■ ■ dj„u\\ +Y,\\{x)->'dkdj, ■ ■ ■ dj„u\\. 

k=l 
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For the second term, we can use the induction hypothesis. For the first term we commute P 
through djg ■ ■ ■ dj^ . The commutators give terms which can be estimated by terms of the form 
\\{x)~^dk^ ■ ■ • dk„u\\, with 2 < m < n, which themselves can be estimated by the induction 
hypothesis. It remains to consider the term \\{x)~^dj^ ■ ■ ■ dj^Pu\\, which can either be kept 
(n = 3) or be estimated applying the induction hypothesis to Pu rather than to u. □ 



In order to show (II. 6p . it is sufficient to use vector fields in X. This is shown in the next 
lemma. 

Lemma 4.9. Assume p > 1. Let 1/2 < /U < 1, j G ^N, (3 he a multi-index and N = 2j + |/3|. 
Then, for all e > 0, there exists r]^ > 1/2 such that 

(4-13) <Y1 (ll(^V(o,-)lL2(K.) + / r"G|ii2(M.)dt+||(x)-''^(xviL2([o,T]xR^))- 

Moreover, for p = 1 and e > 0, the same inequality holds with {F^(T))^^ replaced by {T)~'^. 

Proof. The inequality will be proven by induction over Assume first p > 1. Since the 
wave equation commutes with P, the case = follows from Theorem II . 3 1 and Lemma [B.13l 
Assume now > 1 and let v = P^Q^u. The function v fulfills the following equation 



(4.14) I 
Let vi,V2 be the solutions of 
(4.15) 



{d^ + p)v = pm/^G + p^ [p, n/^] It 



(4.16) 



r (^2 + P)vi = P^n^G, 

I {viu^„dtvi\^^,) = {p^n^uo,p^n''ui), 
({d^ + p)v2 = p^[P,n^]u, 

\ (^^2|,=o'^t^2|,=o) =0- 

Clearly v = vi + V2- We have, for all p. < p, 

where we have used Theorem 11.31 If p > 1/2, we choose p > 1/2. We further estimate, by 
Proposition 14. 6^ 

(F|(T))-l||(x)-S||^.([0,T]xR<^) < ||(2;)^^'''[^',f^^]n|L2([o,T]xR^)- 

Using Lemma 14.71 we see that {x)^P^[P, Q.l^\u is a sum of terms of the form 

{xY-''dk,---dkJl^u, 

with 1 < m < 2j -\- 2 and I7I < |/?| — 1. Using Lemma l4.8t we see that these terms can be 
estimated in norm by terms of the form 

\\{xf-Pde{P'^n'^u)\\ or \\{xf-pp''n^u\\, 
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with q,r £ N, < q < (m — l)/2 and 1 < r < m-/2. Applying Lemma 14.1^ we see that we 
can replace P^/^ in the second term by partial derivatives and apply the induction hypothesis 
with p — Jl > 1/2. 

In the case p = 1, it is enough to choose Jl = 1/2 — 5 with 6 > small. □ 

Proof of Theore'm \1.4\ The energy term is easily estimated by the observation that dt and P 
commute with the equation. The same way, note that we can restrict our attention to vector 
fields in Y for the second term. Also, by Lemma [4. 71 we can arrange for that the vector fields 
dx are always on the left of the vector fields 0. Using Lemma 14.71 we see that we can replace 
y"n' by Using Lemma |4.H Lemma [4.81 and Lemma [4. 9 1 we see that it is sufficient to 

estimate 

in the case p > 1 and 

(T) (x) ^^■'^^||i2([o,r]xiR'*)' 

in the case p = 1- These terms can be estimated by Theorem 11.31 because P commutes with 
the equation. □ 

5. Proof of the nonlinear result 

In this section we will prove the main theorem, Theorem ll.il The proof of the result will 
follow closely the arguments of Keel, Smith and Sogge in the Minkowski case (see |20]). We 
start with the now standard Sobolev estimate (see |22j). 

Lemma 5.1. Suppose that h G C°°(M^). Then, for R>1, 

(5-1) \mL°°(R/2<\x\<R) ^ R~ E \\^"'HL^iR/i<\x\<2R)- 

We now define the bilinear form Q by Q{u',u') = Q{u'). The following estimate for the 
nonlinear part will be crucial. 

Lemma 5.2. Let /i^ = Then, for L > max (2 ( \^] + l) , |/3|) , we have 




Proof. We clearly have the pointwise bound: 
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We only estimate the first term. Using Lemma |5. II for a given R = 2^ , j > 0, we get 

||Z^Q('u',u')||^2({|^|g[2j^2J+l[}) 

IP " llL2({|^[g[2i,2i+l[}) 11-^ llL2({|a;|g[2i-l,2i+2[}) 

H<^ H<L#J + m+i 

^ X] IK^) llL2{{[x|e[2J,2J+l[}) 11^^^ ^'^^"''^'llL2{{|x|G[2i-l,2i+2[}) 

\a\<L H<L 

^ X] IK^^ '''^^"'"1lL2({|x|e[2J,2J+i[}) X] IK^^ ^'^^"'"'llL2(Rd)- 
|a|<L \a\<L 

We also have the bound 

II^^^(^''^')IIl2{{|x|<i}) ~ Yl II^"^'IIl2({|:j;|<2}) Y1 II^"^'IIl2({|^i<2})- 

\a\<L \a\<L 

Summing over j gives the lemma. □ 

Proof of Theorem \l.l[ We follow [20]. Let U-i = 0. We define li^, G N inductively by 
letting Ufc solve 



(5.2) 



For T > 0, we denote 



\ {uku^g,dtUk\,^^) = (no,ni). 



^-^-'^ l<i+j<AI+l \a\<M 



with 

Kn{T) 



T^l^ d = 3ov p = l, 
1 d> 4 and p > 1. 
Using Theorem 11.41 see that there exists a constant Cq such that 

Mo(r) < Co6, 
for any T. We claim that, for A; > 1, we have 
(5.3) Mk{Ts) < 2Co<5, 

for 6 sufficiently small and appropriately chosen. We will prove this inductively. Assume 
that the bound holds for k — 1. By Theorem 1 1.4| we have, for 5 small enough. 



MkiTs) <Cod + C Y / ' 

1^,. JO 



a\<M' 



<Co5 + C Y r \\i^yZ''<-i\\lHR'^)ds 

|a|<M-^° 

<Co6 + CKn{Ts)Mi^^{Ts) 
<Co6 + CKn{Ts)i2Codf, 
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where we have also used Lemma 15.21 and the induction hypothesis. Note that, to estimate 
the term ||(Z"nfc)'(0, •)IIl2, we might have to use the equation and Lemma [5?2l We therefore 
need 5 to be smah enough. Then, to prove (j5.3p . it is enough to have 

(5.4) Co5 + CKn(Ts)i2Co5f < 2Cq5 ^ ACCoKn{Ts)5 < I. 

Therefore, we find: 

• If d = 3 or p = 1, the estimate holds with Ts = Cn5~^ and Cn small enough. 

• If d > 4 and /o > 1, (|5.4p is fulfilled if 6 is sufficiently small and we can take = oo. 



To show that the sequence Uk converges, we estimate the quantity 
Ak{T)= sup \\diP^'Huk-Uk-i)\\L2 

0<t<T ;^<j_,_J<j;^_,_;^ 



+ Y ^-(^)"l(^)"'''^"«-4-l)|L2([o,T]xR'*)- 
la|<M 



It is clearly sufficient to show 

(5.5) Ak{T) < ^AkMT). 

Using Lemma 15.21 and repeating the above arguments, we obtain 

IL2 



Ak{T,) <C Y [ '\\{x)''''Z-iu',^,-u',_,)\ 



|a|<Af 



\a\<M 

By the Cauchy-Schwarz inequality, we conclude that 

Ak{Ts) < CKn{Ts){Mk-i{Ts) + Mk^2{T5))Ak-i{Ts). 
Using (15. 3p . the above inequality leads to (15. 5p if 5 is small enough. Uniqueness and 



property of the solution follow from |16t Theorem 6.4.10, Theorem 6.4.11] using that the 
constructed solution is in 

j^M+i(-]^d+i) ^ C'2(IR'^+i). Note also that the solution is bounded 
in on the interval [0,T5]. □ 



Appendix A. Regularity 



Here, we give some results concerning the regularity with respect to an operator. More 
details can be found in the book of Amrein, A. Boutet de Monvel and Georgescu [3] and in 
the paper of C. Gerard and Georgescu [10]. We start with a useful characterization of the 
reg ularity C^iA). 

Theorem A.l ([3l Theorem 6.2.10]). Let A and H be self-adjoint operators on a Hilbert 
space 7i. Then H is of class C^{A) iff the following conditions are satished: 

i) there is a constant c < oo such that for all u G D{A) n D{H), 

\{Au,Hu) - {Hu,Au)\ <c{\\Hu\\'^ + ||nf ) , 

a) for some z G C\a{H), the set {u G D{A); {H - z^^u G D{A) and {H - z)-^u G D{A)} 
is a core for A. 
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If H is of class C^{A), then the foUowing is true: 
i) The space {H — z)^'^D[A) is independent of z £ C\a{H) and contained in D{A). It is a 
core for H and a dense suhspace of D{A) n D{H) for the intersection topology (i.e. the 
topology associated to the norm \\Hu\\ + \\Au\\ + ||u||). 
a) The space D{A) n D{H) is a core for H and the form [A,H] has a unique extension 
to a continuous sesquilinear form on D{H) (equipped with the graph topology). If this 
extension is denoted by [A, H], the following identity holds on 7i (in the form sense): 



forze C\a{H). 

We also have the following theorem coming from [3l Theorem 6.3.4]. 

Theorem A. 2. Let A and H be self-adjoint operators in a Hilbert space TC. Assume that the 
unitary one-parameter group {exp{iAT)}T-£R leaves the domain D{H) of H invariant. Then 
H is of class C^{A) iff [H, A] is bounded from D{H) to D{Hf. 

A criterion for the above assumption to be satisfied is given by the following result of 
Georgescu and C. Gerard. 

Lemma A. 3 ([10, Lemma 2]). Let A and H be self-adjoint operators in a Hilbert space Ti.. 
Let H G C^{A) and suppose that the commutator [iH,A] can be extended to a bounded 
operator from D{H) to Ti. Then e**"^ preserves D{H). 

In this paper, we will use the following characterization of the regularity C'^{A). 

Remark A. 4. From Section 6.2 of [3j, it is known that H if of class C'^{A) if the following 
conditions hold: 

i) For some z G C\a{H), the set {u G D{A); {H-z)-^u G D{A) and {H-zy^u G D{A)} 
is a core for A. 

a) [H,A] and [[H,A],A] extend as bounded operators on Ti. 



[A, {H - z)-'] = -{H - z)~\A,H]{H - z) 



1 



Appendix B. Resolvent estimates at low energies 



B.l. Estimates for the free Laplacian. 



We begin with some estimates for the free Laplacian Pq = —A. 
Lemma B.l. Let q > 0. Then, for all e > 0, we have 




u 



uniformly for A > 1 . 



Proof. Here, we denote 



the standard norm on L'^iW^). Using the Holder inequality, we get 





<\m'' + ir^2p\\uh. 
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and we choose p = max(^ + /i, 1), /i > 0, and p^^ + q^^ = 1. In particular, 2q > 2 and 
4ap > d. Then, by the Hausdorff- Young inequahty, we obtain 

(B.l) \\{XPo + ir''u\\<X-^/'P\\u\\r, 

with = 1 — {2q)^^ = 2^^(1 + p~^) satisfying 1 < r < 2. Using one more time the Holder 
inequality, we have 

with + = 1 and /3 > 0. We choose s = 2r^^ and (3 = d/t + v, u > Thus, 
(B.2) l|n||. < 

The coefficient f3s/2 satisfies 

ds ds us ds d vs d d , d . 

— =— + — = + — = + 0(u) = — + 0(u) 

2 2t 2 2 2 2 r 2 ^ ' 2p ^ ' 



= min(2a-^ + 0(/.2),|)+0(^.). 
On the other hand, 



Taking first /x and then small enough, the lemma follows from the estimates (jB.ip and 
(D. □ 

Lemma B.2. Let /3 > 0, < 7 < min(l, d/4) and < 5 < ci/4. Then, for all e > 0, 
uniformly for A > 1. 

Remark B.3. In the previous lemma, assume ^+(3/ 2 <d/A. Then, we can chose 6 = 7+/3/2 
and we have 

\\{x)f'{XPo + < A-T+^||(x)^+27^||, 

uniformly for A > 1. 

Proof. Assume first that /5 € N. Using 

d 

i=i 

it is enough to estimate ||a;°(APo + where a G N'^ is a multi-index of length less or 

equal to /?. Since 

XjiXPo + 1)-^ = (APo + ly^xj - 2X^/^{X^/^dj){XPo + 

the operator x''(APo + 1)^^ can be written as a finite sum of terms of the form 

|a| — l&l / -] /o \ c 1 |a + c — b| 



T = x^ {x'/'dYixPo + 1)-!-^/, 
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where b, c are non-negative multi-indexes such that b + c < a and |a -|- c — 6| = |a| -|- |c| — \b\ 
is even. Such a term can be written as 

lal — 161 - -1 /n ^ ,^ -1 |a + c— fal , lal — Ibl lal — l&l , 

T =X^ {X^/^dy{XPo + l)-i-^^(APo + l)^+^(APo + ly^-^x'' 

\a\-\b\ \a\-\b\ , 



where is a bounded operator on L'^{W^) since it is a Fourier multipher by a uniformly 
bounded function. 

Using Lemma iB.ll to estimate the powers of the resolvent, we get 

(B 3) T = i?A '"^2 -n:i'm{a,d/4:)+£ ^^\^\b\+mm{2a,d/2+£) 

where B is an other bounded operator, < e and < a < 1 -|- (|a| — |6|)/2. We choose 
a = min(7 + (|a| - \b\)/2,6) < d/A and note 6o = \a\ + 27 - 26. 

If |6| < bo, then a = 5 and (|B.3p becomes 

since y'^' < + for < 6 < 60 and y > 0. Using |a| < /3, we get 
(B.4) T = OiXf/^-^+'ixf^ + A-^+^(x)'3+2^). 

If |5| > bo, then a = j + {\a\ - \b\)/2 and (iBlSl) gives 
(B.5) r = 0(A^^+"(x)^+27)_ 

The estimates ()B.4p and (jB.Sp imply the lemma for /? G N. The case /3 E follows from an 
interpolation argument. □ 

Mimicking the previous proofs, one can show the following results 

Lemma B.4. Let j e {1, . . . , d}, /? > and < 7 < 1/2 with 7 /3/2 < d/A. Then, for aU 
e > 0, we have 

\\{xf{X^/^dj){XPo + l)-'^u\\ < X-^+'\\{x)'^+^^u\\, 

uniformly for A > 1 . 

Lemma B.5. Let j,k e {1, . . . , d} and < P/2 < d/4. Then, for all e > 0, we have 
||(x)^(AV2g,)(APo + l)-\X^/^dk)u\\ < A^||(x)^^x||, 

uniformly for A > 1 . 

B.2. Estimates for an intermediate operator. 

We now extend these results to the intermediate differential operator P defined by 

(B.6) p = -^a,-5V''5,.. 

Recall from ()Hip that g^g^'^ — 6j^k = ^'((x)"''). The square roots of P and Pq are comparable. 
More precisely, we have 
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Lemma B.6. For u G D{P^/^) = D{fI''^) = H\R'^), 

Proof. For u S H'^{M.'^), we can write 

{Pu,u) = ''^^{g'^ g^'^djU,dku) and {Pqu,u) =^y^^{djU, dju). 
j,k j 

Using the ellipticity of P and g^g^'^ G L°°(]R'^), we get 

{Pqu,u)<{Pu,u)<{Pqu,u). 

In particular, we have, for u G H'^{W^), 

\\P"M < WPo^'uW < ||pV2,|| 

+ < ||(Po + l)'/'n|| < ||(P + 1)1/2^11. 

Then, we obtain D(P^I^) = -D(Po^^) = H'^{W^) and the lemma follows. □ 

Lemma B.7. Let /? > and < 7 < min(l,d/4) with 7 + /3/2 < d/A. Then, for all e > 0, 
we have 

(B.7) \\{x)'^{\P + l)-^u\\ < A-^+"||(x)^+27^||^ 

uniformly for A > 1 . 

Remark B.8. Mimicking the proof of Lemma \B. 7\ one can show that Lemma \B.4\ (for the 
operators {X^/^dj){XP + 1)'^ and {XP + l)-^{X^/^dj)) and Lemma\BMhold with Pq replaced 
by P. 

Proof. From ()B.6p . we have 

Po-P = ^djrj,kdk, 

j,k 

where rj^k = Sj,k — 9^9'^'^ = C>{{x)~P). In the following, to clarify the statement, we will not 
write the sum over j, k and simply note Pq — P = drd. Iterating the resolvent identity, we 
have 

(AP + =(APo + 1)"' + (APo + l)-^X^I^drX^l^d{XP^ + 1)"^ 

2N 

+ ^(APo + l)-\X^'^d){r{X^l^d){XP^ + l)-i(Ai/2a))V(Ai/2a)(APo + 1)-^ 

+ (APo + i)-\x^/^d)(r{x^'^d){xPo + i)-\x^/^dyj 

X r{X^I'^d){XP + l)~^{X^I'^d)r 
(B.8) x[{X^l^d){XPo + l)-\X^'^d)r) (Ai/2g)(APo + l)-\ 

Thanks to Remark IB. 3 ( the first term of the previous equation satisfies (IB.7p . To treat the 
second term, we use two times Lemma [6.41 with a gain equal to 7/2 < max(l/2, (i/4). 
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The sum over j can be studied in a similar way: using Lemma IB. 41 each exterior term 
(A^/'^9j)(APo + l)~^ gives a factor A"'^/'^"*'^, and, using Lemma [B. 5 1 each interior factor (A^/^5) 
(APq + l)~^(A^/^9) gives a factor A^. Then, each term in the sum over j can be estimated by 
^-7+0+2)e^ Taking e = e/{2N + 2), each term of the sum over j satisfies (IB.7p . 

It remains to study the last term in ()B.8|) . As usual, the first term can be estimated by 
Lemma IB.4I 

||(x)^(APo + l)-\X^/^d)u\\ < X-"'/^+^{xf+^u\\. 
Now, using r = 0{{x)^^) together with Lemma lB.5( we get 

(B.9) \\{x)^r{X^/'^d){XPo + l)-\X^/^d)u\\ < A^|| , 

for fi/2 < d/4: + p/2. Using times the last inequality, we obtain 

{xfiXPo + i)-Hx^/^d)(r{x^/^d){XPo + irHx^/^d)) u 

(B.IO) < A-^/2+{^+i)?||(x)"^^"(^+^-''^'0)n|| < A-^/2+(7V+i)?||^||^ 

for N large enough. Using two times Lemma lB.61 and the functional calculus, 
(B.ll) ||(A^/2a)(AP + l)"i(Ai/2a)n|| < \\u\\. 

Finally, applying N times ()B.9p . with N large enough, we get 



(B.12) 



{xy(r{X^/'^d){XPQ + i)-^{x^''^d) 



N 



< A 



U\\ 



since 7 < (i/4. Moreover, using 7/2 < 1/2 and taking the adjoint in Lemma IB. 41 we have 



\{x)-'<{X^l^d,){XP, + l)-^u\\<X-^/' 



2+I\ 



U\ 



Combining the last estimate with the adjoint of (|B.12p . it follows 



(B.13) 



N 



{x^'^d){xp^ + i)-\x^i^d)r] {x^i^d){XPo + i)-^ <x-^/2+(N+i)i\ 



u\\ 



for N large enough. Summing up (fBlnll . (fBTTI) . (IBT3]) and choosing e small enough with 
respect to e, the last term in (jB.Sh satisfies (IB.Tp . □ 

B.3. Estimates for the perturbed Laplacian. 

Here, we extend the previous results to the Laplacian P. From (|B.6p . we have P = 
g^^Pg^^. In particular, the resolvent identity gives 

iXP + l)-^=g{XP + g')-^g 

(B.14) =g{XP + l)-^g + g{XP + - g^)g-\XP + l)-^ 

(B.15) =g{XP + l)-^g + (XP + 1)-^<7"^(1 - g^){XP + l)~'g. 

Note that, by (1 - g^) = 0{{x)-P). 

Proposition B.9. Let /3 > and < 7 < 1 with 7 + /?/2 < d/i. Then, for all e > 0, we 
have 

||(x)^(AP + < X-^+'\\{xf+^"'u\\, 

uniformly for A > 1 . 
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Proof. As in the proof of Lemma IB. 71 we iterate the resolvent identity (|B.14p and obtain 
(AP + =gi\P + l)-'g + g{\P + - g^){\P + l)-^g 



N 



+ 9{\P + - 5')(AP + 1)-^) (1 - g'){XP + l)-'g 

i=i 

(B.16) + giXP + 1)-^ f (1 - g^)iXP + l)-'Y^\l - g^)g~\\P + 1)"^ 



The two first terms and the sum over j can be directly estimated by Lemma IB. 71 For the 
last term in ()B.16p . we remark that Lemma IB . 71 gives 

(B.17) \\{x)'^g{\P + ^)~^u\\ < \-^+%{x)'^+^^u\l 



and 



max(^— p,0) 



(B.18) \\{xY{l-g''){\P + ir\\\<X%{x\ 

for ah /i/2 < d/4. + p/2. Therefore, applying ([BT7|) and iV + 1 times (|BT8]) (this can be made 
since (/3 + 27) /2 < d/4), we get 

{x)fg{\P + l)-l((l - g^){\P+l)-^Y''\\ < A-7+(A^+2)?||(^)max(p-(Ar+l)p,0)^|| 

for N large enough. Using ||(AP+1)^^|| < 1 by the spectral theorem and taking e = e/{N+2), 
this implies 

N+l 



{xfgiXP + ((1 - g^){XP + (1 - g^)g-\XP + i; 



< A-^+^l 



u 



and the lemma follows. □ 

Mimicking the proof of Proposition IB. 91 and using (jB.lSp and Remark IB. 81 one can prove, 
as for Lemma lB.4( the following result. 

Lemma B.IO. Let j G {1, . . . , d}, /? > and < 7 < 1/2 with 7 + /3/2 < d/4. Then, for all 
e > 0, we iiave 

\\{x)^{XP + l)~\X'^/^d*)u\\ < X-^+'\\{x)^+^^u\\ 
\\{x)f^{X^^%){XP + l)-\\\ < A-^+^||(x)^+2^u||. 

uniformly for A > 1 . 

Let j,k £ {1,... , d} and < /3/2 < d/4. Then, for all e > 0, we have 

\\{xf{X'/%){XP + l)-\X'/^d*,)u\\<X'\\{xfu\\, 

uniformly for A > 1 . 

Remark B.ll. The results of this section are given for (AP + 1)^^, but can be extended to 
{XP — z)~^, with Im z ^ 0. In fact, following the previous proofs, one can see that (XP — z)~^ 
satisfies the same results, if we accept a lose of the form \ Im^l"*^, C > 0, in the estimates. 
This is due to {XPq + l)(APo — = 0{\ Imz|~^) from the spectral theorem. Note that the 
constant C does not depend on e g]0, 1], and is uniform with respect to a, (3, 7, 5 in a compact 
subset. 
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For example, Proposition \B.9\ gives the following estimate for /? > 0, e > and < 7 < 1 
with 7 + /3/2 < d/4: 

(B.19) ||(;^)/3(AP-^)-in|| <- ^||(x)'3+27^||, 

uniformly for A > 1 and z in a compact of C. 

Using the spectral theorem, this remark impUes the following result. 

Lemma B.12. Let x G C^{^), J, ^ G {1, • • • , 4 and /?, 7 > with 7 + /3/2 < d/A. Then, for 
all e > 0, we have 

||(x)^x(AP)n|| < A-T+^||(x)^+27^|| 
\\{x)'^{\^'%)x{\P)u\\ < \-^+'\\{x)'^+^^u\\ 
||(x)^x(AP)(Ai/2a*)n|| < A-^+^||(x)'3+27^|| 
||(x)^(Ai/2a,)x(AP)(Ai/2aDt.|| < A-T+i(x)^+2^^z||, 

uniformly for A > 1 . 

Proof. We only prove the first inequality since the others can be treated the same way. Let 
G N be such that 7//C < 1, 99(a) = x{a){a + 1)'= e C^(M) and ^ e C^(C) be an almost 
analytic extension of Prom the spectral theorem, we have 

(B.20) (2;)^x(AP) = ^ j dip{z){x)^{XP - zr\XP + l)-''L{dz). 

Estimate ()B.19p with 7 = gives 

(B.21) \\{xf{XP - z)-'u\\ < ^^\\{xfu\\. 

" " I im z\^ 

Proposition IB. 91 with j = 'j/k < 1 implies 

\\{x)^'{XP + l)-\\\ < A-^/^'+^||(x)^+27A^||^ 
if 7/A; + ;u/2 < d/4:. By iteration, we obtain 

||(x)^(AP + l)-^n|| < A-^+^^||(x)^+27^|| ^ 
since 7 + (3/2 < d/4:. Combining this estimate with (jB.21|) and taking e = e/ik + 1), we get 

||(x)'3(AP-2)-i(AP + l)-^|| <^^||(x)^+27^||, 

and the lemma follows from (jB.20p . □ 

We now state a result which will help us to estimate the square root of P . Since this lemma 
can be proved as Lemma IB. 61 we do not give the proof. 

Lemma B.13. We have, for u G D{P'^/^) = H^{W^), 

\\p''M<\\^9-M<\\p''M- 
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